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ABSTRACT. Stieltjes and Van Vleck polynomials arise in the study of the
polynomial solutions of the generalized Lame differential equation. Our
object is to generalize a theorem due to Marden on the location of the zeros
of Stielties and Van Vleck polynomials. In fact, our generalization is
two-fold: Firstly, we employ sets which are more general than the ones used
by Marden for prescribing the location of the complex constants occurring
in the Lamé differential equation; secondly, Marden deals only with the
standard form of the said differential equation, whereas our result is equally
valid for yet another form of the same differential equation. The part of our
main theorem concerning Stieltjes polynomials may also be regarded as a
generalization of Lucas’ theorem to systems of partial fraction sums.

1. Introduction. A generalized Lamé differential equation is a second order
linear differential equation of the form

d +[ 2. ] dw , _ 20

— —————————————— 0 e— ——————————————— ow -_— 0,
dz? (z—a) | dz  T.(z-a)

(1.1)

where @(z) is a polynomial of degree at most (p — 2) and a;, g; are complex
constants. Heine [3] showed that there exist at most C(n +p — 2, p — 2)
polynomials ¥ (z) such that for ®(z) = V' (z) equation (1.1) has a polynomial
solution S(z) of degree n. Each polynomial V' (z) and the corresponding
polynomial S(z), associated with the differential equation (1.1), are, respec-
tively, called [1, p. 37] a Van Vlieck polynomial and a Stieltjes polynomial.

We shall be primarily interested in determining the location of the zeros of
the systems of polynomials that arise in the study of the polynomial solutions
of the differential equation
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P l-ll(z—bjl)
E"‘[ G- a >]]

dw o(2) )
dz *[ 7o (z - ay) ] v=o

where @(z) is a polynomial of degree at most (n, + n, + - - - + n, — 2) and
a, b and a; are suitable complex constants. We may, however, note that the
dlfferential equation (1.2) can always be written in the form (1.1) by ex-
pressing each fraction (in the coefficient of dw/dz) into its partial fractions,
and that (1.2) is indeed of the form (1.1) in case n; =1 for all values of j.
Consequently, there do exist Stieltjes polynomials S(z) and Van Vleck
polynomials ¥'(z) associated with the differential equation (1.2).

In order to avoid repetitions of long expressions and unnecessary details in
the treatment of our proofs throughout the next section, we shall freely use
the following abbreviations and notations: We shall denote by S(z) the
nth-degree Stieltjes polynomial corresponding to a Van Vleck polynomial
V (2) associated with the differential equation (1.2) or (1.1); the zeros of V' (z),
S (2), and S’(z) will be denoted by ¢, z;, and z;, respectively. We shall write

(12)

ni—1 n;
_ J : _ J ( )
(l '3) fj(z) = ’l--[l (Z bjt)’ g_](z) - :]»;-[l (Z Js) h; (Z) g,(Z)
for everyj =1, 2,..., p (with the convention that f(z) = 1 for n, = 1), and
p
(14) F(z) = zlqi- hy(2).
j=

2. A generalization of Marden’s theorem. In this section we generalize a
theorem due to Marden ({1, Theorem (9, 1)] or [2]) on the location of the
zeros of Stieltjes polynomials and of Van Vleck polynomials associated with
the differential equation (1.1). Our generalization is two-fold: Firstly, we use
sets which are more general than the ones used by Marden for prescribing the
location of the points g; (cf. (1.1)); secondly, Marden’s theorem deals with the
polynomials S(z) and V(z) in relation to (1.1) only, whereas our result is
equally valid for both forms (1.1) and (1.2).

In order to prove our main theorem, we need to establish the following
lemmas on the zeros of the polynomials S(z) and V' (2).

LEMMA (2.1). Every zero z, of an nth-degree Stieltjes polynomial S (z),
associated with the differential equation (1.2), is either one of the points a
(1 < j < p, 1 < s < n) or satisfies the equation
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1 < 1
2.1 =F(z)+ > =0,
2 P& Jrkij=1 %k T %

where F(z) is as defined by (1.4).

PROOF. Let S(2) = II}.(z — 2) be a Stieltjes polynomial corresponding to
a Van Vleck polynomial ¥ (z). Then (cf. abbreviations (1.3)~(1.4)) the dif-
ferential equation (1.2) can be written as

v (2) ~
s |50 =0

If 20 #a, (1<j<p, 1<s<n)isa zero of S(z), then equation (2.2)
becomes

(2.3) S"(z) + F(z)-S!(z) = 0.

If z, # a;, then two cases are to be considered:

Case 1. S'(z;) = 0. Using equation (2.3) and successively differentiating
equation (2.2) we observe that S™(z,) = 0 for all m, which contradicts the
fact that the degree of S(z) is n. Hence, this case is impossible to happen.

Case 2. S’(z,) # 0. Since z, is a nonrepeated zero of S(z) in this case, we
can write S(z) = (z — 2,)T(z), where T'(z,) # 0. Therefore S'(z,) = T(z,)
and S”(z,) = 2T'(z,). Consequently, due to (2.3), we have

S"@) TG &
S'(z) T(z)

22) S"(z) + F(z)- S'(2) +

- F(Zk) = . o
Jekij=1 %k T %

That is,

1 S 1
S F@E)+ X = 0.
2 T e TG

This establishes our claim regarding the zeros of S(z).
LEMMA (2.2). Every zero t, of a Van Vleck polynomial V (z), associated with

the differential equation (1.2), if not an a;, is either one of the zeros of S'(z) or
satisfies the equation

n—1
24) Fiy+ 3 —— =0,
j=1 =%

z] being the zeros of S'(2).

Proor. If 1, is a zero of V' (z) and if S(z) is a corresponding Stieltjes
polynomial, then from (1.2) we get

(2.5) S"(t) + F(t)-S'(%) =0.
If 4, # a; and S’(t,) # 0, then
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HOBE=E

S'(%) _j-l (& — ) ’

where z/ (1 < j < n — 1) are the zeros of S'(z). Thus, from (2.5) it follows
that

n—1 1

-F(t)=2

Jj=1

tk - z; )
That is, #, satisfies equation (2.4). The proof is now complete.
We now proceed to prove our main theorem.

THEOREM (2.3). Let E be an ellipse with centre at the point c, semimajor axis
as a, and eccentricity e. Let 0 < y < 7 /2 and
A= max{l, (1 — €2/2)"*sec y}.
If |arg ay| < cos™'(1/A) for every j = 1,2, ..., p, and if all the points a;, b,
(occurring in equation (1.2)) lie on or inside E, then the zeros of each Stieltjes
polynomial S (z) and the zeros of each Van Vleck polynomial V (z), associated
with the differential equation (1.2), lie in the circular region

|2 = ¢|< asec[{(g = )= + cos™'(1/0)}/ (24 - )],

where ¢ = max{n, n,, ..., n,}.

FIGURE 1
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PROOF. Let us draw a circle C with centre at the point ¢ and radius as

R =asec[{(g — )7+ cos™'(1/N)}/ (2¢ = 1]

Suppose, on the contrary, that one or more zeros z, of S(z) lie outside the
circle C and that z, is the one farthest from the centre c, so that all the zeros
of S(z) lie on or inside the circle C’ given by |z — ¢| = |z,]. Let 0, ',
respectively, denote the acute angles which the tangents from z, to the ellipse
E make with the tangent at the point z, on C’ (see Figure 1). Now join z, to
the centre ¢ of the ellipse by a straight line, cutting the circle C at a point P
(say). Now draw the tangents P4’ and PB’ from the point P to the ellipse E.
Let o, Y’ (resp. @, ¢’) denote, respectively, the angles which the tangents from
the point z; (resp. P) to the ellipse make with the line joining the points z,
and ¢ (Figure 1). Since z, is outside C, we see that Y < ¢ and ¢/ < ¢'. Let ¢,
(resp. @p) be the maximum value of ¢ (resp. ¢’) corresponding to all possible
positions that z; could take on the circle C’. If p (resp. p’) denotes the length
of the perpendicular dropped from the centre ¢ upon the tangent PA’ (resp.
PB’), we see that sin ¢ = p/R’ (resp. sin ¢’ = p’/R’) and that ¢ (resp. ¢)
takes a maximum value when p = a (resp. p’ = a). Therefore,

(26)  sin gy = sin gy = cos{(g — 1)m + cos~'(1/A)}/ (2¢ - 1).

Now, the definition of A implies that 0 < cos™!(1/A) < y < 7/2. Using
these inequalities, we can easily verify that

@7 0<{(¢g—Dm+cos™(1/N)}/(2¢ — 1) < 7/2
and that

(¢ — Da +cos™'(1/x)  (n, = )@ + cos™!(1/A) '
(2.8) e > o , 1<j<p.

Since, ¢ < ¢ < @ and ¢’ < ¢’ < ¢, from (2.6) and (2.7) we conclude that
0=(m/2=4)>(7/2 = @) = {(g — )7 +cos™!(1/N)}/ (2¢ - 1)
and
0'=(7/2=¥) > (n/2 = g) = {(g -~ D + cos™'(1/N)}/ g - 1).
Consequently, due to inequalities (2.8), we have.

(n, = )7 + cos™'(1/7)
"> = Vi=12,...,p.
@ - 1) o (say) Vj P

Let S(2) = II}.(z — 2). If any zero z; of S(z) is one of the points a, then

it lies in C and we are done. However, if a zero z, is none of the points g,

then (cf. Lemma (2.1)) z, satisfies equation (2.1). In particular (for & = 1), we
have

29) 4,9
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= F(z,) + 2 =0.

1-2 Zl - ZJ

Therefore,

YRe) G-+ 3 (22 ) o

where u, is any point on the tangent drawn to the circle |z — ¢| = |z,| at the

point z,, i.e.,
n—1 n
o z,— b, Y (z,—u no(z,—u
f-H( ) .H(l_l.)+2(;.)=o.
=1 \%1 7 ¥ smi\ 21~ G j=2 2y~ 3

Since all the zeros z, lie in |z — ¢| < |z,|, we get

P
(2.10) >
Jj=1

z -—

(2.11) 0<arg( l)<'rr Vj=23,...,n
zl_z‘,

Next, we also observe that the inequalities

Z — bjt
(2.12) —(m—6)<arg < -0
zl - ul
and
2 9 — 4 o’
(2.13) <arg(z| a)<1r—

hold foreveryj = 1,2,...,p;5=1,2,...,m;t=1,2,..., n_,. Inequali-
ties (2.9), (2.12), and (2.13) imply that

njﬁl(j::z )] <-=(m-Dy

= (= 1)(7 — ) <arg

tm]

and

mby < arg < (7= )

ﬁ ( z,—uy )
s=1\ 21~ %
for all values of j = 1,2, ..., p. Using the above inequalities and the value of
w; from (2.9), a simple calculation yields the following inequalities:

=1 n
’H(zl"bjr) ﬁ(zl—ul)
=t VA1~ U] s\ 21— G

< 7w —cos”!(1/7)

cos™!(1/A) < arg

(2.14)
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for every j=1, 2,...,p. In view of (2.14) and the hypothesis on a;, we

conclude that
ﬁ."ﬁl zl_bjt ) ﬁ zl—ul
2 zZ,—uy 2y —a

t=] s=1

(2.15) 0<arg

<w

foreveryj=1,2,...,p. Hence, in the light of inequalities (2.11) and (2.15),
the imaginary part of each term on the left-hand side of equation (2.10) is
positive. This contradicts the fact that z, satisfies equation (2.10). Therefore,
all the zeros of S(z) lie on or inside the circle C.

Now, we prove the second part of our theorem for a Van Vleck polynomial
V (z) corresponding to an nth-degree Stieltjes polynomial S (z). Proceeding as
in the case of Stieltjes polynomials and assuming ¢, to be a zero of V' (2) lying
outside the circle C and farthest from the centre ¢, we see that all the zeros of
V(z) lie on or inside the circle C’ given by |z — ¢| = |¢,|. Our previous
diagram (Figure 1) remains the same except that ¢, replaces z,. If t, = a,,
then ¢, is in E and, hence, in C. In case ¢, is a zero of S’(z), then the Lucas
theorem [1, Theorem (6, 2)], [4], [5], [6], together with the first part of our
theorem (just proved), implies that ¢, lies in C and, hence, the theorem
follows. In case ¢, is not a zero of S’(z), then (cf. Lemma (2.2)) it satisfies
equation (2.4) with k = 1. Hence

Therefore,

L= u

n—1
F(t) - (hh—u)+ 2 =0,

j-l tl - ZJ,
where , is any point on the tangent to the circle |z — ¢| = |¢,] at the point ¢,,
ie.,

n-l - b ) - n— -
(2.16) i(%){H(:_bﬂ).H(t. u.)}+21 ! “ o
J=1

_ — o
=1 U ) s\ — g j=1 i~ 3%

Since the points z; lie in C, we may replace z; by z/ and z, by ¢, in inequalities
(2.11) and (2.15) and obtain

t,—u
0<arg(l :)<w Vi=12...,n—-1,
tl"'zj
and

-1 t.— b "

1 ; Ly —u
0<arg(aj)-H(t_:)-H(t'__al) < m, 1<j<p.
(=] 1 1 s=1] 1 Js
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Consequently, the imaginary part of each term on the left-hand side of
equation (2.16) is positive, which contradicts the fact that ¢, satisfies equation
(2.16). Hence, all the zeros of V'(z) also lie on or inside the circle C.

This completes the proof of Theorem (2.3).

An immediate consequence of Theorem (2.3) is the following result, exclu-
sively in terms of the differential equation (1.1).

COROLLARY (2.4). Let E be an ellipse with centre at the point ¢, semimajor
axis as a, and eccentricity e. Let 0 < y < 7 /2 and

A= max{l, (1- e2/2)]/2secy}.

If |arg oy < cos™'(1/X) for every j=1, 2,...,p and if all the points g
(1 < j < p) lie on or inside E, then the zeros of each Stieltjes polynomial S (z)
and the zeros of each Van Vlieck polynomial V (z), associated with the differen-
tial equation (1.1), lie in the circular region |z — ¢| < Aa.

Proor. In Theorem (2.3), if we take all n’s to be 1 (ie. g = 1), then the
differential equation (1.2) reduces to the differential equation (1.1), with the
constants a; corresponding to the constants a;, and Corollary (2.4) is then
obvious.

The following corollary is a special case of Theorem (2.3) for circles.

COROLLARY (2.5). If larg o| < y < 7/2 for every j = 1,2, ...,p and if all
the points a;,, b, (occurring in the differential equation (1.2)) lie on or inside the
circle C: |z — c| = a, then the zeros of each Stieltjes polynomial and the zeros
of each Van Vleck polynomial, associated with the differential equation (1.2), lie

in the circular region |z — c| < a sec[{(g — D7 + v}/(2q — 1)].

PRrOOF. In Theorem (2.3), if we take e = O (i.e. if E is taken as the circle C),
then A = sec vy, and the corollary follows at once.

If we put ¢ = 1 in Corollary (2.5), we deduce the following well-known
result due to Marden [1, Theorem (9.1)], [2], the proof being similar to that of
Corollary (2.4).

COROLLARY (2.6). In the differential equation (1.1), if |arg o < v < 7/2 for
every j=1,2,...,p and if all the points a; lie on or inside a circle C:
|z = ¢| = a, then the zeros of each Stieltjes polynomial and the zeros of each
Van Vleck polynomial, associated with the differential equation (1.1), lie on or
inside a concentric circle C': |z — ¢| = a sec y.

REMARK. It may be noted that the theorem as stated by Marden [1,
Theorem (9, 1)], [2] is, in fact, the same as Corollary (2.6) for the case when
the centre ¢ = 0. But the same proof as given by him is valid also for the
general case when the centre ¢ is not necessarily at the origin.
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As an application of Theorem (2.3), we prove

THEOREM (2.7). Let 0 < y < /2 and p. = max(1, (sec v)/ V2 }. If |arg o]
< cos~!(1/ ) for every j = 1,2, ..., p and if all the points a;, by, (occurring in
equation (1.2)) lie in the real interval [— a, a), then the zeros of each Stieltjes
polynomial S (z) and the zeros of each Van Vleck polynomial V (z), associated
with the differential equation (1.2), lie in

2| < a sec[{(q ~ ) +cos™'(1/m)}/ 2 - 1)],
where ¢ = max{n;, ny, ..., n,}.
PRrOOF. Let S, denote the closed interior of an ellipse E, with centre at the
origin, semimajor axis as a, and eccentricity e, and let
1/2
A= max{l, (1 - €2/2)"% sec y}.

Then [—a, al = N ¢S, and (I — €2/2)"/2- sec y decreases continuously
and monotonically to (1/V2) - sec y as e increases in [0, 1). Obviously, then
[—a, a] C S, for every e € [0, 1) and A, decreases continuously and mono-
tonically to p as e increases in [0, 1) (easy to verify this statement for the
cases when y < 7/4 and y > 7 /4 respectively). Therefore,

(2.17) |arg a| < cos™!(1/p) < cos™'(1/A,) Ve €[0, 1)
and
(218)a, b, €S, Ve€[0,1), 1<j<pl<s<n;l<t<nm-—1L

In view of (2.17) and (2.18), we can apply Theorem (2.3) and conclude that
the zeros of each S(z) and of each V' (2) lie in
(g = D7 + cos™I(1/A,)

2 -1 =R, (say) Ve€[0,1)

|z|< a sec

Since A, decreases continuously and monotonically to u as e increases in [0,
1), we conclude that R, decreases continuously and monotonically to

a sec[{(q = D7 +cos™!(1/m)}/ (29 - 1)] = R (say).

Finally, it is easy to see that the zeros of each S(z) and those of each V' (z2)
lie in |z| < R. For, otherwise, it would contradict that the disc |z| < R,
contains all the zeros of S(z) and those of V' (z) for all values of e. This
completes our proof.

The following corollary is an immediate consequence of the above theorem
for the case when g =1 (use the same explanation as in the proof of
Corollary (2.4)).
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COROLLARY (2.8). Let 0 < y < 7/2 and p = max{l, (1/V2)secy)}. In
equation (1.1), if larg | < cos~!(1/p) for every j = 1,2,...,p and if all the
points a; lie in the real interval [—a, a), then the zeros of each Stieltjes
polynomial S (z) and the zeros of each Van Vlieck polynomial V (2), associated
with the differential equation (1.1), lie in |z| < pa.

Finally, it may be remarked that the part of our Theorem (2.3) that
concerns Stieltjes polynomials may be regarded as a generalization of Lucas’
theorem [1, Theorems (6, 1), (6, 1)’, (6, 2)] to systems of partial fraction sums.
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